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mathematical explorations
classroom-ready activities

artistic work. Many of the tessellations 
that Escher encountered in the Al-
hambra included more than one shape 
and sometimes included modifications 
of polygons (see fig. 1). However, all 
the tessellations that Escher found at 
the Alhambra consisted exclusively 
of geometric shapes without animal 
form, as was the custom of Islamic 
artists. Escher extended the math-
ematical ideas found in the artwork 
of the Moorish masters to create his 
own style of tessellations involving 
recognizable animal forms. One of his 
greatest “games” was to manipulate a 
polygon while maintaining its ability 
to tessellate, so that the resulting shape 
would be recognized as a lizard, bird, 
fish, horse, or other figure.

Just as Escher deciphered the 
mathematics behind the geometric 
shapes of the Moorish masters, this 

exploration encourages students to 
discover the mathematical secrets 
behind Escher’s tessellations of 
recognizable animal forms. Although 
students may at first perceive Escher’s 
works to be art unrelated to math-
ematics, by the end of the activities 
they will have the mathematical skills 
to be Escher sleuths. The first three 
activities in this set focus students’ 
attention on mathematical aspects of 
constructing tessellations; the fourth 
activity reverses the process as stu-
dents are presented with existing tes-
sellations and asked to identify their 
mathematical properties.

Activity sheet 1 introduces students 
to the notion of tessellation in gen-
eral and asks them to discover which 
regular polygons tessellate a plane. 
Although Escher’s works extended 
well beyond the use of single polygonal 

t
Become an Escher Sleuth
Linda L. Cooper, Sandy M. Spitzer, and Ming C. Tomayko

Tessellations, the repetition of a shape 
that covers a plane without gaps or 
overlaps, are found throughout the 
world, from hexagons in honeycombs 
to rectangular bricks in masonry. 
For centuries, artists have tessellated 
tiles to decorate walls and walkways. 
However, there are arguably no tes-
sellations more intriguing than the 
intricate designs of the Dutch artist 
Maurits Cornelis (M. C.) Escher. At 
first glance, Escher’s works appear 
almost magical, and many ask, “How 
did he make these images?” The 
primary goal of this series of class-
room activities is to enable students 
to decipher Escher’s tessellations and 
identify the mathematics that he used 
to produce his artistic creations. 

In 1922, and again in 1936, Escher 
traveled to the Alhambra in Granada, 
Spain, where he became captivated 
with Moorish tilings (see figs. 1a–b) 
that he found throughout the palace. 

Escher’s study of these tilings 
revealed underlying mathematical 
properties of tessellations and opened 
a world of possibilities for his own 

(a) (b)

Fig. 1 Escher’s inspiration came from Spain’s Alhambra.
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from any one vertex of a pentagon 
divides the pentagon into three 
nonoverlapping triangular regions. 
The sum of the interior angles of each 
triangular region is 180°.

Angle addition leads students to the 
conclusion that the sum of the interior 
angles of a pentagon partitioned into 
three triangular regions is 

3 × 180° = 540°. 

Because regular polygons are equian-
gular, students can find the measure of 
each interior angle by dividing the sum 
of all interior angles by the number of 
angles. For a regular polygon to tessel-
late, the measure of each interior angle 
must be a factor of 360°. Students dis-
cover, or confirm earlier experimental 
findings, that the only regular polygons 
that tessellate are triangles, squares, and 
hexagons because their interior angles 
(60°, 90°, and 120°, respectively) are 
factors of 360°. Repetitions (6, 4, 3, 
respectively) of each of these polygons 
can be arranged around a point with-
out a gap or an overlap.

This activity sets the stage for 
the entire Escher sleuth experience. 
Students make the connection that the 
number of copies of a shape (motif ) 
around each vertex is related to the 
measure of that shape’s interior angles, 
which in turn reveals its original poly-
gonal form before being modified. This 

will be a critical insight when students 
must work backward from an Escher 
print to discover the original polygon 
on which the tessellation is based. 

tessellations FoRMed 
thRoUgh tRanslation  
and Rotation
Now that students have made a con-
nection between regular polygons that 
tessellate and the size of the polygons’ 
interior angles, they can begin to 
analyze Escher’s construction of tessel-
lations. Although Escher used a wide 
range of polygons and transformation 
techniques, we limit this exploration 
to his works that are based on one of 
three regular polygons (square, regular 
hexagon, or equilateral triangle) and 
one of two types of transformations 
(translation or rotation). By modify-
ing sides of a polygon and transform-
ing those sides to others through a 
translation or rotation, Escher was 
able to create a pleasing recognizable 
shape, often resembling the form of an 
animal. Translations are generally the 
simplest type of transformation be-
cause they do not change the orienta-
tion of the resulting figure. In our quest 
to understand how Escher created his 
tessellations, we recommend beginning 
with translations of modified squares 
and regular hexagons, then moving 
to rotations of modified equilateral 
triangles and regular hexagons.

shapes, we restrict ourselves to tessel-
lations involving one shape—either 
a square, an equilateral triangle, or a 
regular hexagon. Activity sheets 2 
and 3 explore two common types of 
transformations (translation and rota-
tion) used by Escher. Students discover 
how motifs, or modified polygons, can 
be created and repeatedly translated or 
rotated to create a tessellation.

Activity sheet 4 puts students’ 
newfound skills as Escher sleuths into 
practice as they use their mathemati-
cal understanding of tessellations to 
unravel the underlying properties of 
selected Escher artwork, identifying 
the basic shape and type of transfor-
mation of each. At the end of these 
activities, students should have a sense 
of empowerment as they are able to 
understand how the great master art-
ist M. C. Escher used mathematics to 
create his images. 

Which RegUlaR  
PolYgons tessellate?
The first step to becoming an Escher 
sleuth is to understand which regular 
polygons tessellate and why. Stu-
dents can be given physical models 
of regular polygons and, through 
experimentation, determine which 
ones tessellate. Often they will 
describe tessellating shapes as being 
able to cover the entire plane, or sheet 
of paper, without gaps or overlaps. In 
other words, a regular polygon can 
tessellate if multiple copies can be 
placed adjacent to one another such 
that they completely rotate around a 
vertex point without overlap.

Using activity sheet 1, students 
determine which regular polygons 
tessellate by examining their inte-
rior angles, the angle formed by two 
adjacent sides of the regular polygon. 
Partitioning the regular polygon into 
triangular regions allows students to 
find the sum of the measures of the 
interior angles. For instance, as shown 
in activity sheet 1, drawing diagonals 

did You Know?
The Alhambra has many connections to history, literature, and math, expressed 
as art.

•	 The	Alhambra	was	built	in	the	thirteenth	century.	Arab	Moors	ruled	the	
area until 1492.

•	 In	1492,	Christopher	Columbus	stood	in	the	Hall	of	the	Ambassadors	of	
the Alhambra as he petitioned Queen isabella and King Ferdinand to  
sponsor his trip to the orient.

•	 Napoleon’s	troops	used	the	Alhambra	as	barracks	from	1808	to	1812	 
and	blew	up	part	of	the	palace	as	they	retreated.

•	 Washington	Irving,	American	author	of	The Legend of Sleepy Hollow, also 
wrote	Tales of the Alhambra	in	1832,	which	stirred	pride	and	passion	
among the Spanish people to restore the palace to its former beauty.



380  MatheMatics teaching in the Middle school  ●  Vol. 18, No. 6, February 2013

On activity sheet 2, students 
explore tessellations using translations. 
Given the eventual complexity of the 
artistic image, the construction of  
a tessellating tile is more straight- 
forward than might appear. For 
example, Escher could have used the 
method illustrated in activity sheet 2 
to form one of his most famous tessel-
lations, Sketch #105, which we refer to 
as Pegasus (see fig. 2). The steps of the 
tile creation illustrate how modified 
sides are translated to opposite sides. 
Pairs of opposite sides fit like jigsaw 
pieces and are the focus of question 1 
in which students complete the 
partially labeled array by matching 
translated sides. This will help them 
in their role as an Escher sleuth by di-
recting their attention to the relation-
ship between translated sides: Certain 
pairs of sides always match up.

Question 2 asks students to con-
sider step 6 of the Pegasus creation 
as they analyze the picture of the 
Pegasus tessellation and identify how 
many modified figures, or horses, fit 
around each vertex. In our experience, 
students sometimes struggle to tell 
a “true” vertex (i.e., one that forms 
part of the original tile) from other 
vertices formed by the modifications. 
To avoid confusion, four true vertices 

are marked in this diagram, each with 
a large green dot. Students should  
notice that four horse figures sur-
round each green dot. They should 
connect this fact to their finding from  
activity sheet 1 that tessellations 
involving squares have four figures 
around each vertex as 90° × 4 = 360°.

Question 3 challenges students to 
consider a new situation as they are 
asked to hypothesize how many modi-
fied shapes would appear around each 
vertex if Escher created a tessellation 
by modifying a regular hexagon instead 
of a square. Referring to their findings 
from question 2 and activity sheet 1, 
students should decide that a tessella-
tion involving hexagons must include 
three hexagons around a vertex point 
(3 × 120° = 360°). Without a concrete 
visual image of a hexagon translation, 
students must rely on their knowl-
edge of angle measures to make this 
determination. Being able to analyze 
tessellations based on the number of 
polygons around a vertex is an impor-
tant prerequisite for being an Escher 
sleuth. 

Tessellations can also be created 
through rotation using regular hexa-
gons, squares, or equilateral triangles. 
The method that is illustrated in 
activity sheet 3 demonstrates how 

Escher may have used rotation to 
modify an equilateral triangle to create 
Sketch #99, or Flying Fish (see fig. 3).

Teachers may want to highlight 
how the various sides of the triangle 
are transformed. For example, side 1 is 
modified and rotated clockwise about 
its endpoint to form side 2. However, 
the transformation of the third side 
is different: Half of side 3 is initially 
modified and then rotated 180° about 
the midpoint of side 3. Given the 
partially labeled array of triangles in 
question 1, students should be encour-
aged to refer back to the creation of 
the Flying Fish tessellation as they try 
to label the sides of the triangles that 
would be rotations of each other.

Question 2 asks students to con-
sider the number of fish that appear 
around each vertex and how that 
number reveals the measure of the in-
terior angle of the underlying polygon 
that Escher used. Students can rely on 
their experience with activity sheet 1 
to determine that six repetitions of a 
figure around a vertex indicate that the 
interior angle of the original regular 
polygon is 60° (360° ÷ 6 = 60°), which 
is consistent with the underlying equi-
lateral triangle.

Similar to question 3 found on 
activity sheet 2, question 3 on  
activity sheet 3 challenges students 
to consider how a tessellation based 
on a rotated regular hexagon could be 
made. Although the answers are the 
same (three hexagons surround each 
vertex), an important distinction is 
how a regular hexagon appears around 
each vertex point when translated 
compared with how it appears when 
rotated. Teachers may wish to point 
out to students that recognizing this 
distinction will be critical in differ-
entiating tessellations (a) and (c) on 
activity sheet 4. 

Together, activity sheets 2 and 3 
direct students’ attention to the two  
key clues for deciphering an Escher  
tessellation: the number of figures 

Fig. 2 Modified sides are translated to 
opposite sides in Escher’s Sketch #105  
 (Pegasus).

Fig. 3 in Sketch #99 (Flying Fish), 
Escher may have used rotation to modify 
an equilateral triangle. 
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and in-service teacher preparation in 
grades K–12.

around a vertex point, which reveals 
the underlying shape; and the relative 
orientation of the figures, which reveals 
the type of transformation (a transla-
tion or a rotation). Tessellations involv-
ing translations are always aligned in 
the same direction, whereas tessella-
tions based on rotation have figures that 
point in different directions. 

escheR sleUth in action
Students are now ready to try their 
mathematical skills as Escher sleuths. 
Activity sheet 4 asks students to take 
on the role of mathematical detective 
as they identify the underlying shape 
(triangle, square, or hexagon) and type 
of transformation (translation or rota-
tion) of each tessellation. If students 
experience difficulty with this activ-
ity, refer back to previous tessellation 
examples and ask students to—
1. relate how the number of images 

Download	one	of	the	
free apps for your 
smartphone. Then 
scan this tag to access 
the solutions to Math-
ematical Explorations that are online at 
http://www.nctm.org/mtms036.

that meet at a vertex reveals the 
underlying polygonal shape; and

2. describe how the orientation of 
the image is or is not affected by a 
translation versus a rotation.

In addition to identifying tessel-
lations similar to those encountered 
in activities 2 and 3, students must 
be able to transfer their Escher sleuth 
skills to new situations as they identify 
tessellations created by a rotation of 
a modified hexagon and by a transla-
tion of a modified hexagon. Finally, 
the Escher sleuths are challenged to 
find the Escher fake among the six 
tessellations.

BiBliogRaPhY
EscherMath. “Regular Division of the 

Plane Drawings.” Math and the Art 
of MC Escher. http://euler.slu.edu/
escher/index.php/Regular_Division_

Call for Nominations 
2013 Board of Directors Election

Each year, NCTM’s Board of Directors makes important 
decisions that set the direction for the Council and math-
ematics education. The Board needs a broad representa-
tion of NCTM membership to benefit its discussions, 
inquiries, and decisions. In 2013, at least one high school 
teacher must be elected to ensure the balanced represen-
tation required by the bylaws. 

NCTM has among its members many talented, energetic 
individuals who are qualified to assume leadership roles in 
the Council. The Nominations and Elections Committee 
needs your help in identifying these members by 
nominating them for Board Director positions.

Do you know someone who would bring valuable 
experience, perspective, and judgment to the Board? 
Nominate that person!  

Would you be willing to serve on the NCTM Board of 
Directors? You can have a great impact on mathemat-
ics education at the national level. 

For qualifications and responsibilities of NCTM directors 
and officers, school incentives for Board service, or to 
submit the names of nominees to the Nominations 
and Election Committee by completing the online nomi-
nations form go to: www.nctm.org/nominations. The 
chair of the committee will invite the nominee to complete 
an application after the first of the year.

NCTM Needs You!

nominatns_0612        NCTM journals 



activity sheet 1

from the February 2013 issue of

Name ______________________________

discoVeRing Which RegUlaR PolYgons tessellate
1.	For	each	regular	polygon	listed,	select	one	vertex	and	draw	all	its	diagonals	from	that	point.	The	pentagon	has	 

been completed as an example.

2. Complete the table.

Regular
Polygon

number of 
triangles 
created

sum of  
interior angles

Measure of 
each interior 

angle

is 360°  
divisible by the 
Measure of the 
interior angle?

does this Polygon tessellate?
if so, how Many Repetitions of 
the Polygon are needed around 

a Rotational Point?

Triangle

1

Square

pentagon

3 3 × 180 = 540

hexagon

octagon

activity sheet 1 



from the February 2013 issue of

Name ______________________________

activity sheet 2

tessellations Using tRanslations oF a sQUaRe

Step	1:	Draw	(or	construct)	a	
square.

Step 2: Create one irregular 
side (side 1).

Step 3: Translate irregular  
side 1 to side 3.

Step 4: Create second irregular 
side (side 2).

Step 5: Translate irregular 
side 2 to side 4.

Step 6: Tessellate.

1. extend the pattern. Examine the steps (above) that M. C. Escher might have used to construct his Pegasus tessellation. 
Using	the	sides	of	the	squares	as	labeled	above,	complete	the	pattern	of	labels	below	to	show	how	a	modified	square	
tessellates by translation. 

   
2. Analyze the tessellation of the modified square. In	the	figure	above,	how	many	horses	appear	around	each	vertex	

marked	with	a	large	dot?	How	does	that	number	reveal	the	measure	of	the	interior	angles	of	the	initial	tile?	Which	 
regular	polygon	has	interior	angles	with	this	measure?	

3. Extension: Escher created the Pegasus tessellation based on a square tile that has been translated. if he created a  
tessellation	based	on	the	translation	of	a	regular	hexagon,	how	many	modified	images	would	appear	around	each	 
vertex	point?	(Hint:	Think	about	activity sheet 1.)
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from the February 2013 issue of

Name ______________________________

activity sheet 3

tessellations oF an eQUilateRal tRiangle

Step	1:	Draw	(or	construct)	a	
triangle	with	midpoint	of	side	3.

Step 2: Create one irregular 
side (side 1).

Step 3: rotate irregular side  
to side 2.

Step 4: Create irregular edge on 
half of side 3.

Step 5: rotate irregular  
half-edge to rest of side 3.

Step 6: Tessellate!

1. extend the pattern. Examine the steps (above) that M. C. Escher might have used to construct his Flying Fish  
tessellation.	Using	the	sides	of	the	equilateral	triangle	as	labeled	above,	complete	the	pattern	of	labels	below	to	 
show	how	a	modified	triangle	tessellates	by	rotation.	

   
2. Analyze the tessellation of the modified triangle. In	the	figure	above,	how	many	flying	fish	appear	around	each	vertex	

marked	with	a	large	dot?	How	does	that	number	reveal	the	measure	of	the	interior	angles	of	the	initial	tile?	Which	 
regular	polygon	has	interior	angles	with	this	measure?	

3. Extension: Escher created the Flying Fish tessellation based on an equilateral triangular tile that had been rotated. if 
he	created	a	tessellation	based	on	the	rotation	of	a	regular	hexagon,	how	many	modified	images	would	appear	around	
each	vertex	point?	(Hint:	Use	what	you	learned	from	activity sheet 1 and question 2 above.)
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from the February 2013 issue of

Name ______________________________

activity sheet 4

aRe YoU an escheR sleUth?

1. Identify	the	following	tessellations	by	their	underlying	shape	(triangle,	rectangle,	or	hexagon)	and	type	of	 
 transformation (translation or rotation).

   
 Type of transformation ___________ Type of transformation ___________ Type of transformation ___________
 Underlying shape _______________ Underlying shape _______________ Underlying shape _______________
  (a)  (b) (c)

   
 Type of transformation ___________ Type of transformation ___________ Type of transformation ___________
 Underlying shape _______________ Underlying shape _______________ Underlying shape _______________
  (d)  (e) (f)

2. Which	of	the	tessellations	a–f	was	not	generated	by	M.	C.	Escher?	How	do	you	know?
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